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ABSTRACT 

We investigate the local geometry on the moduli space of G2 structures that 
arises in compactifications of M-theory on holonomy G2 manifolds. In particular, 
we determine the homogeneity properties of couplings of the associated N = 1, D = 
4 supergravity under the scaling of moduli space coordinates. We then find some 
brane solitons of = 1, = 4 supergravity that are associated with wrapping 
M-branes on cycles of the compact space. These include cosmic strings and domain 
walls that preserve 1/2 of supersymmetry of the four- dimensional theory, and non- 
supersymmetric electrically and magnetically charged black holes. The geometry 
of some of the black holes is that of non-extreme M-brane configurations reduced 
to four-dimensions on a seven torus. 



1. Introduction 



Compactifications of M-theory on manifolds with G2 holonomy provide a way 
of constructing four-dimensional effective theories which have a realistic amount 
of supersymmetry. These effective theories are N = 1, D = A supergravities with 
field content which is determined by the Betti numbers of the compact space. In 
particular it has been shown that the associated N — 1,D — A supergravity has 
62 vector and 63 chiral multiplets [1]. Reducing N — 1,D — 11 supergravity 
on compact G2 holonomy manifolds, one can also determine the couplings of the 
four-dimensional theory as a function of the various moduli fields [1, 2]. These 
couplings are naturally interpreted in terms of the geometry of the moduli space 
of G2 structures in a similar way to that of Calabi-Yau compactifications of string 
theory, see for example [3]. Many compactifications of M-theory on holonomy 
G2 manifolds have been investigated, see for example [4], using the examples of 
holonomy G2 manifolds constructed by Joyce in [5]. 

Some of the solutions of D=4 and D=5 supergravity theories which arise from 
compactifications of strings and M-theory, hke black holes, strings and domain 
walls, can be associated with branes wrapped on the homology cycles of the com- 
pact manifold. This correspondence between solutions of lower dimensional su- 
pergravity theories and ten- and eleven- dimensional brane configurations has been 
very fruitful, for example it has led to the microscopic computation of the black 
hole entropy for a certain class of extreme black holes [6] . Another application is 
the use of the behaviour of the black hole solutions ol N — 2,D — A supergravity 
theories [7] to provide evidence for the existence of calibrated representatives for 
certain homology cycles of Calabi-Yau manifolds [8] . 

In this paper, we shall examine the couplings of the N = 1,D = A supergravity 
theories that arise from compactifications of = 1,D = 11 supergravity on com- 
pact holonomy G2 manifolds. In particular we shall show that the components of 
the metric of the sigma model manifold, which is TM., of N — 1, D — A theory are 
homogeneous of degree —2 under the scahng of certain coordinates of the moduli 
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space Ai of G2 structures. For this we shall use a result obtained by Hitchin [9] 
that the volume of the compact G2 manifold is homogeneous of degree 7/3 under 
the scaling of some coordinates of Ai. It turns out that the metric on the moduli 
space of G2 structures is invariant under this scaling transformation; the isometry 
group of the sigma model metric on TM. is generated by the same scahng trans- 
formation and the translations along the fibres. In addition, we shall show that 
the Kahler potential of the sigma model manifold can be expressed in terms of the 
logarithm of the volume of the compact holonomy G2 manifold, see also [2]. The 
couplings of the vector multiplets to the scalars are linear in some natural complex 
coordinates on the sigma model manifold. 

Having estabhshed the homogeneity properties of the couplings of N — 1, D — 
4 supergravity associated with compactifications ofA^=l,D = ll supergravity 
on holonomy G2 manifolds, we shall explore the various solutions of the four- 
dimensional theory that arise by wrapping M-branes on the homology cycles of 
the compact manifold. We shall find that the A'^ = 1,D = 4 supergravity admits 
string solutions which preserve 1/2 of supersymmetry. These are associated with 
M5-branes wrapped on coassociative cycles of the compact manifold. The form of 
these string solutions is that of cosmic string solutions of [10, 11]. However the 
string solutions associated with G2 compactifications have infinite tension because 
the sigma model manifold TA4 is non-compact. We shall also describe the M- 
theory origin of domain wall solutions of N — 1, D — A supergravity which preserve 
1/2 of the supersymmetry. The Killing spinor equations for such domain walls are 
given in an appendix. Next we shall explore the electric and magnetic black hole 
solutions of N = 1,D = 4 supergravity that arise from wrapping M2-branes and 
M5-branes on 2- and 5-cycles of N, respectively. We shall show that such solutions 
are not supersymmetric as expected. We shall mainly focus in the case where the 
only non-vanishing modulus field is that corresponding to the overall scale of the 
moduli space coordinates. We shall call such solutions "dilatonic" ; we justify this 
terminology in an appendix. We shall find a class of extreme dilatonic solutions 
of the N — 1,D — A theory which have the same spacetime geometry as two 
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super symmetric orthogonally intersecting M-branes, eg two M2-branes intersecting 
on a 0-brane or two M5-branes intersecting on a 3-brane [12], reduced to four- 
dimensions on seven-dimensional torus. Such four- dimensional solutions exhibit 
a naked singularity. We shall also present some dilatonic black hole solutions. 
These have the same spacetime geometry as that of two non-extreme orthogonally 
intersecting M-branes reduced to four-dimensions again on a seven-dimensional 
torus found in [13]. 

We remark that our dilatonic domain wall and black hole solutions depend only 
on the homogeneity properties of the couplings of the N = 1, D = 4 supergravity. 
So they will remain solutions of the effective theory of G2 compactifications after 
perturbative or non-perturbative corrections to the couplings are taken into account 
which preserve these homogeneity properties. 

The organization of this paper is as follows: In section two, we present the 
action. Killing spinor equations and the geometry associated with the couplings 
N = 1, D = A supergravity with scalar and vector multiplets. In section three, we 
give the couplings of = 1, D = 4 supergravity that arise from the compactifica- 
tion of = 1,1^ = 11 supergravity on holonomy G2 manifolds. We then present 
two approaches in the investigation of the geometry of the moduli space of G2 
structures. One is based on the Kahler geometry and the other is based on the 
symplectic geometry. We also express the metric on the G2 moduli space, that 
arises in these compactifications, in terms of the volume of the compact holonomy 
G2 manifold. In section four, we summarize some of the results on calibrating 
cycles in holonomy G2 manifolds. We also give the number of supersymmetries 
preserved by M-brane probes wrapping such cycles. In section five, we present our 
string solutions of = 1, D = 4 supergravity associated with G2 compactification. 
In section six, we describe various domain walls. In section seven, we give various 
black hole solutions associated with M2- and M5-branes wrapped on homology 2- 
and 5-cycles of the compact manifold. Finally in the appendices, we give our spinor 
conventions, analyze the Killing spinor equations of = 1,D = 4 supergravity 
in connection to strings and domain walls that arise in G2 compactifications, and 
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give the bosonic action that describes the dilatonic black hole system. 



2. N = 1 D = 4 Supergravity 

2.1. Supergravity Action and Killing Spinor Equations 

The geometric data that determine the couplings of N — 1 supergravity in 
four-dimensions with n vector and m chiral multiplets that we shall use in this 
paper are the following: 

(i) A Kahler-Hodge manifold M of complex dimension m with Kahler potential 
K. 

(a) A vector bundle E over M of rank n for which its complexified symmetric 
product admits a holomorphic section h. 

(Hi) A locally defined holomorphic function / on M. 

{iv) Sigma model maps, z, from the four-dimensional spacetime E into the man- 
ifold M. 

{v) A principal bundle P on the four-dimensional spacetime E with fibre the 
abehan group C/(l)" such that the pull back of E with respect to z is iso- 
morphic to P Xu(i)n where is the Lie algebra of C/(l)". 

Given these data, the bosonic part of = 1,D = 4 supergravity action [14, 
15, 16] is 

L = V^[Ir{9) - ^Reha.F^NF'^^'' + hmha.F^N^F'^^'' - ^i^duz'd^z) - V\ 

(2.1) 

where 

V = e^[^^DifD-f-2,\f\^] + ]^DaD- , (2.2) 

^MN = duAlf — d^A^j , (2.3) 
5 



Dif = dif + diKf , 



(2.4) 



Aff are U{1) (Maxwell) gauge potentials and the Da are constants associated to a 
Fayet-Iliopoulos term. We remark that the gauge indices a,b = 1, . . . , n are raised 
and lowered with Kehab', i^j = 1, . . . ,m and M, = 0, . . . , 3 are holomorphic 
sigma model manifold and spacetime indices, respectively. Clearly hab are the 
gauge couplings, / is a superpotential and M is the sigma model manifold. 

The above action may also describe the coupling of £ hnear multiplets to = 1, 
D = 4 supergravity [17] . This is because the two-form gauge potentials of the linear 
multiplets can be dualized to scalars in four dimensions. The resulting action 
depends only on the spacetime derivatives of dual scalars. Therefore it is invariant 
under acting on these scalars with constant shifts. 

In what follows some of the solutions of the N — 1, D — A supergravity that 
we shall consider will be supersymmetric. To explore their properties, we need 
the Killing spinor equations of (2.1) which are the vanishing conditions of the 

supersymmetry transformations of the fermions of the theory. These are most 
conveniently expressed in terms of a real 4-component Majorana spinor e as 



{Re{dMz') - r^lm{dMz'))r^e - {Re{fW-f) - r5lm(7^^'Dj/))e = , (2.7) 



where underlined indices A, S denote tangent frame indices and = P-rir-F-. 
For our spinor conventions see the appendix. 

The field equations of the supergravity action (2.1) are the following: 




'5)FM)e = 0, (2.5) 



(2.6) 



and 
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(1) The Einstein equations are: 



1 - (2-8) 



^4 - ■ 'y 

(2) The Maxwell field equations are: 



du [y^(Re/.a6i^''^^ - l^K,*F'^^)] . (2.9) 
(3) The scalar equations; varying gives the equation 

-IdehabF-MNF'^'' - deV - '-d^K.F-MN'^F'^'' 

+7£j(VMa^^^' + T^-^dMz'd'^z^) = , 

where Vm is the covariant derivative with respect to the Levi-Civita connec- 
tion of the spacetime metric and 

d^V = di{e''^'^Dif)D-f - 2e^M/ + ^9£(L'«L>«) . (2.11) 
Taking the conjugate of this equation, one obtains the field equation for z^. 



3. Supergravity Actions from G2 Compactifications 

3.1. COMPACTIFICATION AnSATZ 

The bosonic part of the = 11, = 1 supergravity Lagrangian [18] that we 
shall consider is 

£^-VhR-^F McF + —C AF AF (3.1) 
2 4 12 

where h is the eleven-dimensional metric, F is the 4-form* field strength and C is 
the 3-form gauge potential, F — dC. 



■k Our form conventions are x = j\Xh...ik'^^^^ A ... A dx^'' , {x^ip) = ^Xii,...,ik''P^^'"'^'' ^^'^ 
(X.V') =XA*tp. 



To derive the N = 1, D = A supcrgravity action that arises from the com- 
pactification of N = 1, D = 11 supergravity on a holonomy G2 manifold A^, we 
introduce a basis of harmonic forms {(pf, i = 1, . . . ,m, — 63} in H^{N, M) and sim- 
ilarly a basis {coa, a — 1, . . . ,n — 62} in H^{N, R). Repeating the analysis in [1, 
2] , we write the compactification ansatz for the eleven-dimensional metric ds"^ and 
the three-form gauge potential C as 

ds'^ = gMN{x)dx^dx^ Gij{y, s{x))dy^dy' 

(3.2) 



n, 



where G/j is the metric on N with holonomy G2 depending on the real coordinates 
{s*; i — 1, . . . , 63} of the moduh space M. of the G2 structures which have been 
promoted to four-dimensional scalar fields; I,J= 1, . . . ,dim7V. In addition, A"' 
and are the one-form gauge potentials and real scalars of the four-dimensional 
theory, respectively. The fields g, A", s'^.j/ describe the small fiuctuations of the G2 
manifold N within the = 1,D = 11 supergravity. To solve the field equations 
of N — 1, D — 11 supergravity at the linearized level, the basis of harmonic forms 
i — 1, . . . ,n — 63} in H^{N, R) is chosen with respect to the Gjj metric and 
similarly for the basis {(Va, a — 1, . . . ,n — 62} in H^{N, R). So far the coordinates 
on the moduli space A4 have been chosen in an arbitrary way. However below 
for the investigation of the couplings of the N = 1, D = 4 supergravity theory a 
special choice will be made. 

The compactification ol N = 1,D = 11 supergravity on holonomy G2 mani- 
folds preserves four real supercharges. So it is expected that the four-dimensional 
action that describes the dynamics of the small fiuctuations of such background 
will exhibit N — 1, D — 4 supersymmetry. Some of the couplings of the four- 
dimensional effective action can be easily deduced from the eleven dimensional 
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supergravity action and are as follows: 

ds^ — ^fjdz^dz^ — kij{s)ds^ds^ + mij{s)dp^dp^ 

N N 
I f 1 • 

N 

where (f) is the parallel 3-form associated with the G2 structure on N and we have 
used G to also denote the determinant of the metric Gjj with holonomy G2- In 
an adapted frame {ei, . . . , 67} of the G2 structure the 3-form can be written as 

(j) = (ei Ae2-e3Ae4) Ae5 + (eiAe3-e4Ae2) Ae6 + (ei Ae4-e2Ae3) Aey+esAeeAey . 

(3.4) 

The last equality in the third equation in (3.3) can be estabhshed using G2 rep- 
resentation theory, see for example [5, 27] and next section. We remark that the 
intersection numbers Ciab are topological and so they do not depend on the moduli 
space coordinates s of G2 structures or the choice of harmonic representatives. In 
addition, we remark that the couplings in (3.3) do not depend on the harmonic 
representatives chosen for the basis cua in H^{N,M) and the basis (pi in H^(N,'K). 
To express the four-dimensional couplings as above, we have rescaled the four- 
dimensional metric g — > Q~^g with the volume © of the compact space in order 
to bring the D — A action in the Einstein frame. Observe that the sigma model 
metric ds'^ above is invariant under the action of acting with constant shifts 
on p. 

Since the G2 compactifications preserve four real supercharges, the effective 
theory has N = 1, D = A super symmetry. In particular the couplings (3.3) should 
obey the conditions described in the previous section for the couplings of = 
1,D — A supergravity. There are two ways to describe this depending on the way 
we choose coordinates on the moduli space which we shall now describe below. 
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3.2. G2 Moduli Space: A Kahler Approach 

The sigma model metric ds^ in (3.3) is required by = 1,D = A supersym- 
metry to be Kahler. In addition the action of the group M''^ on p leaves the sigma 
model metric ds^ invariant and also commutes with the supersymmetry trans- 
formations of the scalars. This is because, as for the D=4 effective action, the 
supersymmetry transformations depend only on the spacetime derivatives of the 
fields p. This imphes that M''^ acts with holomorphic isometries on the sigma model 
target space M which can be identified with the tangent space TA4 of the moduli 
space M ofG2 structures. The typical fibre of TM is H^{N, M). 

To continue the investigation of the moduli space geometry, it is convenient to 
choose coordinates on the moduh space A4 so that the parallel form is 

(f) = s% . (3.5) 

In fact, the basis 4>i of harmonic 3-form with respect to the G2 metric depends on 
the choice of G2 structure and so on the coordinates s. We take the origin of the 
coordinate system to be — s^y^ 0. However this dependence does not contribute 
in the couplings (3.3) of four-dimensional theory because, as we have mentioned in 
the previous section, they do not depend on the choice of harmonic representatives 
for 0j. Next one can introduce holomorphic coordinates 2;* = —5(5' + ip'') on 
TA4 such that M^*^ acts on with shifts along the imaginary directions. In these 
coordinates, the sigma model metric on T/A is 

^ ^.-.dz'dz^ = did-jK{Rez)dz'dz^ , (3.6) 

and the Kahler form is 

Q = idz' A dz^didjK{Rez) . (3.7) 
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Comparing the metric (3.6) with that in (3.3), we find that 

Akij = Arriij = didjK = r ^ J ^d^V 4>j) , (3- 



N 



where K is the Kahler potentiaL 

We turn now to investigate the couphngs of the vector multiplets. Using the 
holomorphicity of hab required by supersymmetry and the expression given in (3.3), 
we find that 

hab = z^Ciab ■ (3.9) 

The couphng hab can be though as a holomorphic section of a bundle with fibre 
S'^H^{N, M) (g) C over the sigma model manifold TM. 

It remains now to find the Kahler potential of the metric on the sigma model 
manifold TM.. We shall show that the Kahler potential* is 

K^-hog[ j 0A*0] = -iog[y" d'yVG] . (3.10) 

N N 

For this, we shall use the relation shown by Hitchin in [9] that 



y0A*0 = y[det5]9, (3.11) 

N N 

where [detS] 9 is a top-form constructed taking the determinant of 

BiJ = —^(l)lK^K2<l>JK3KAK,KeKr dy^' A ... A dy^' . (3.12) 

It is clear from this that K is homogeneous of degree 7/3 in the s coordinates^ . 
The metric on the G2 holonomy manifold is given by Gjj — {detB)~9 Bjj. Using 



★ A similar expression for the Kahler potential, but with different normalization factor, was 
given in [2]. 

f In [9] , the metric on the moduli space ^A is taken to be the Hessian of K which differs from 
the metric that arises in the compactifications we are investigating. The metric associated 
with the Hessian of K has Lorentzian signature. 
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this one can show that 

a ^'^*^=ij^^'^*^- (3-13) 

TV N 

To proceed we remark that the A^(]R^) representation of SO{7) of dimension 35 
can be decomposed under the action of 6*2 as 1 + 7 + 27. The first is the direction 

along the G2 invariant form (p. The representation 7 is associated with the vector 
arising from the inner product of a 3-forms with *(f). If the three-form is harmonic 
with respect to the G2 metric, as it is the case here, then this part vanishes due 
to a standard argument about harmonic one-forms on irreducible Ricci-flat spaces. 
Therefore (pi can be written as (pi — Tri{(pi) + 7127 where tti and 7727 are the 
obvious projections. In addition it is known [5, 9] that 

^*<P = l*M<t>i)-*^27(<Pi) . (3.14) 
Using (3.13) and (3.14) it is straightforward to verify (3.10). In conclusion, we find 




(3.15) 



The numerical normalization factors that appear in the expressions for the moduli 
metric and Kahler potential are important in the investigation of the various brane 
solitons that arise in these compactifications. 

We remark that the components kij and rriij of the sigma model metric are ho- 
mogeneous of degree —2 under the scaling of the s coordinates of the moduli space 
A4. This follows in a straightforward manner from the homogeneity properties of 
the volume of G2 manifolds that we have explained above. We find that (3.6) is 
invariant under scaling £s^ and where £ e M — {0}. So this scaling 

transformation is an isometry. The isometry group of the metric (3.6) on TM. is 
the semi-direct product of R — {0} with M''^ the group of translations along the 
coordinates. 
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3.3. G2 Moduli Space: A symplectic Approach 



An alternative way to describe the geometry of the moduU space is to use 
symplectic geometry. For this we consider the cotangent bundle T*Ai of the moduli 
space M., a typical fibre of which can be identified with H'^{N,M.). There is a 
symplectic pairing between if^(A'", R) and H^{N,W) given by Poincare duality. Of 
course M — TM. is isomorphic to T*M.. Choose now coordinates on T*M. such 
that the Kahler form is 

n^du^ ^ dn . (3.16) 
Next we write the metric on T*M. as 

ds^ = nij{u)du'du^ + q'^{s)dridrj . (3.17) 

Given the symplectic form and the metric, one can introduce the (almost) complex 
structure 

(3.18) 

where n*-^ and qij are the inverse matrices of and g*-^ , respectively. Requiring 
that = —1, we find that 

Uij = Qij . (3.19) 

It remains to investigate the integrability of the above complex structure. For this 
define the (1,0) forms 

Cj = idri — riijdu' 



& = idv!' + VbHvj 



(3.20) 

Observe that ej = iuije? . Requiring that de^ and de* do not contain a (0,2) part. 
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we find that 



(3.21) 



which in turn imphes that 

riij = didjK{u) (3.22) 

for some function K{u). A set of complex coordinates with respect to the above 
complex structure is 

Zi = -dik + in . (3.23) 

To make connection with the Kahler approach to the geometry of the moduli space, 
define the coordinates 

Vi = -dik , n^n. (3.24) 
Then the sigma model metric becomes 

ds"^ = n^^dvidvj + n^^dridrj . (3.25) 

Next observe from (3.24) that du^ — —n^^dvj. Taking the exterior derivative of 
this equation, we find that 

■^n^'' - -^n'^ = (3.26) 
avi ovj 

which in turn implies that n*-^ can be expressed as two ^-derivatives on a scalar. 
Setting Vi — s^, ri — p* and n^^ — kij, we establish the relation between the 
Kahler and symplectic approaches to the geometry of TM.. The Kahler geometry 
on TA4 will be used in the sections below to construct solutions for the = 1, 
D — A supergravity that arise from compactifications of M-theory on holonomy 
G2 manifolds and are associated with M-branes wrapped on cycles in the compact 
space. 
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3.4. Potentials 

As we have seen, potentials do not arise in the four-dimensional effective theory 
associated with the (direct) compactification oi N = 1, D — 11 supergravity on 
G2 holonomy manifolds. However several mechanisms have been proposed for 
generating a potential. One such mechanism involves compactifications in the 
presence of a non-vanishing 4-form field strength along the directions of the 
compact manifold. This is a Scherk-Schwarz type of mechanism which has been 
recently adapted in the context of G2 compactifications of string theory in [19, 20, 
21]. It turns out though that the presence of non- vanishing F° in the context of 
G2 compactifications of M-theory is not consistent with the compactness of the 
internal manifold [22]. Nevertheless, adapting the formahsm proposed in [19, 20, 
21] we find that the superpotential / associated with such F° is 

Re/ = y" A F° . (3.27) 

N 

The imaginary part of / is determined by holomorphicity. 

Other mechanisms of generating a potential in the low energy effective action 
in four dimensions involve instanton effects which arise from wrapping M2-branes 
on associative 3-cycles of the G2 manifold. Such cycles exists in some G2 holonomy 
manifolds and the associated instantons induce a scalar potential. In particular it 
has been found in [2] that a probe homology 3-sphere instanton M2-brane wrapping 
the cycle G generates the superpotential 

f{z) = i^e^^'' , (3.28) 

where is a constant and ki ~ Jc^i- Such cycles exist in special holonomy G2 
manifolds but they may not exist for generic ones (see next section). In the case 
that such a superpotential (3.28) appears it easy to see using the results of section 
three that the only supersymmetric vacuum is at |s| — > 00. The theory may have 
other vacua but they are not supersymmetric. 
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Because of the above mentioned difficulties for generating a potential for generic 
G2 compactifications of M-theory, we shall mostly focus in the investigation of the 
solutions of the four-dimensional action with couplings described in section three 
and without a potential. However from the perspective of the general = 1, 
D — A: supergravity, one can do a more general analysis which we shall present in 
an appendix. 

4. Cycles and Wrapped Branes 

4.1. Calibrations and Supers ymmetric Cycles 

On G2 holonomy manifolds there are two calibrations that are associated with 
super symmetric cycles. One is of degree three (associative) calibration and the 
other of degree four (coassociative) calibration associated with the parallel three- 
and four-forms on these manifolds [23] . We shall refer to them as super symmetric 
calibrations. There may be other calibrations on G'2-manifolds but they will not 
be supersymmetric. To see this, the supersymmetry condition which is deduced 
from K-symmetry is [24,25] 

= 77 , (4.1) 

where T is the ^-symmetry projector and 77 is the N = l.D = 11 supersymmetry 
parameter which should be parallel with respect to the Levi-Civita connection of 
the compact G2 holonomy manifold. Since from such a parallel spinor 77, one can 
construct the parallel three- and four-forms, only calibrations associated to these 
forms are supersymmetric. 

Even though supersymmetric calibration forms exist on G2 manifolds, it is not 
apparent that there always exist (calibrated) supersymmetric representatives of 
the homology 3- and 4- classes of the G2 manifold, respectively. It is known that 
if supersymmetric (associative) 3-cycles exist, they do not have moduli [26]. Thus 
such 3-cycles are isolated. In fact it has been conjectured that they do not exist 
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for generic G2 manifolds, though one expects to find them in special cases [27]. 
Supersymmetric, coassociative, 4-cycles, X, have moduli in G2 manifolds with 
dimension* h\{X) [26]. So one expects to have locally smooth moduli space for 
coassociative calibrations. 

There are several homology cycles on G2 manifolds on which one can wrap 
M-theory branes. We shall be mainly concerned with two-cycles, three-cycles, 
four-cycles and five-cycles. As we have seen, two- and five- cycles cannot be su- 
persymmetric. This however does not mean that none of them is calibrated, with 
respect to a non-supersymmetric calibration, or there is no minimal submanifold 
in the homology class of these cycles. Three- and four-cycles can be supersymmet- 
ric, but as it has been mentioned above this does not necessarily imply that every 
three- and four-cycle has a supersymmetric calibrated submanifold representing its 
homology class. 

4.2. Wrapping M-branes on Homology Cycles 

The brane solitons in four dimensions that one expects to find by wrapping 
M-branes on homology cycles of G2 holonomy manifold N which are represented 
by a minimal submanifold are as follows: 

(i) Wrapping M2-branes on two-cycles leads to non-supersymmetric 0-branes in 
four dimensions. 

{a) Wrapping M5-brane on two-cycles, three-cycles, four-cycles and five-cycles 
leads to non-supersymmetric spacetime filling 3-branes, supersymmetric 2- 
branes, supersymmetric 1-branes and non-supersymmetric 0-branes, respec- 
tively. 

All brane configurations above that arise from wrapping M-branes to four- 
dimensions should be described by solutions of the effective N — 1,D — A effective 

★ We use conventions similar to [27]. 



17 



supergravity theory of this compactification. Since spacetime filhng supersymmet- 
ric or non-sup ersymmetric 3-branes are characterized by 3 + 1-dimensional Poincare 
invariance, the associated supergravity solutions are those of flat Minkowski space- 
time with vanishing gauge potentials and constant scalars. Such solutions are of 
course the (supersymmetric) vacua of the theory. 

Some non-supersymmetric 0-brane solutions can be identified with the black 
hole solutions of the supergravity theory. Typically the electrically charged black 
holes are associated with wrapped M2-branes, and magnetically charged ones with 
wrapped M5-branes. The 2-cycles and 5-cycles in the G2 holonomy manifold are 
Poincare dual to each other. It is well known that the electrically and magnetically 
charged black holes in four dimensions are dual to each other via electromagnetic 
duality. So one can view the electro-magnetic duality in four-dimensions as conse- 
quence of the Poincare duality on G2 manifolds. 

The 1-brane configurations can be identified with strings. As we shall see the 
solutions are in fact similar to those of cosmic strings [10, 11]. The 2-brane solitons 
are the domain wall solutions of N — 1, D — 4 supergravity theory. 

5. Strings 

5.1. COASSOCIATIVE CYCLES AND M5-BRANES 

As we have mentioned the string solutions oi N = 1, D = 4 supergravity can 
be thought off as M5-branes wrapped on coassociative cycles of the G2 manifold. It 
is known that the supersymmetry conditions [28, 29] associated with such a cycle 
in the directions 123457 are 

ri346e = e 

r2356e = e (5.1) 
r4567e = e . 

Now suppose that we place a M5-brane extended in the directions 081346 associated 
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with the projection 



ro8i346e = e 



(5.2) 



The string directions are taken to be 08. It is easy to see that the above projectors 
lead to a configuration that preserves two supersymmetries, ie it preserves 1/2 of 
supersymmetry of A'^ = 1, D — A theory. 

There are two simple cases of coassociative cycles to consider. One is that of 
coassociative cycles with the topology of the torus and the other is of coasso- 
ciative cycles with the topology of a surface. In both cases the dimension of 
the moduli space is three. So one expects to find string solutions of = 1,D — 4 
supergravity associated with the wrapping of M5-branes on these coassociative cy- 
cles with topology and Ks. The tension of corresponding strings will be equal 
to the tension of the M5-brane times the volume of the coassociative cycles. 

5.2. G2 Strings 

To investigate the string solutions to the supergravity field equations it is 
convenient to use the Kahler parameterisation of the moduli space of G2 structures. 
The G2 strings are a special case of the cosmic strings for which the sigma model 
manifold is the space TA4. The solution is 

z' = z'{w) (5.3) 
^"^ = , 

where w is a complex coordinate of spacetime, and the Kahler potential K and 
the complex coordinates are given in section three. The G2 strings above do not 
have finite tension because TAi is not compact. However it is known that the fibre 
directions oiTAd can be compactified to a torus by dividing with H^{T^^, Z) which 
is thought of as a group of large gauge transformations. This leaves the base Ai 
of TM. which is an open set in H^{N,'R). It is expected that certain points of M. 
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should be identified by large diffeomorphisms of the compact G2 holonomy manifold 
A^. However to our knowledge it is not known how such large diffeomorphisms act 
on M. and whether they are sufficient to allow for string solutions with finite tension 
adapting a similar construction in [11]. The identification of the G2 strings with 
wrapped M5-branes on coassociative cycles provides some indirect evidence that 
G2 strings with finite tension exist in the case when coassociative cycles are present. 
We note that there are supersymmetric string solutions even in the presence of a 
Fayet-Iliopoulos term [30] . 

6. G2 Domain Walls 

The supersymmetry projections of domain walls that arise from a M2-brane in 
the directions 089 in the background of the G2 manifold in the directions 1234567, 
are those of (5.1) and 

Tosge^e. (6.1) 

So the supersymmetry preserved is 1/16 of M-theory, ie 1/2 of that oi N — 1,D — A 
supergravity. The domain wall is in the directions 089. 

It is straightforward to write the supergravity solution of a brane that is located 
in a Ricci-fiat manifold. For the case of interest here, the transverse space of the 
M2-brane is R x A^, where N is the holonomy G2 compact space. The solution is 

1 (6-2) 

F4 = -dvoliM}^"^) A dh-^ , 

where h is harmonic in R x A^. Additional fluxes F*^ can be added in the solution 
along R X A^. However in this case h is not harmonic but rather obeys the equation 
A/i = For = 0, h can be chosen to be harmonic in R, ie h is piece- wise 

linear function of the coordinate y e R, see [31, 32]. This solution has electric 
fluxes and it cannot be described from the four-dimensional perspective using the 
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linearized compactification ansatz of section three. We shall not pursue this point 
further here. 

Alternatively, domain walls can arise by wrapping M5-branes on associative 
3-cycles of the compact space. If the G2 manifold is in the directions 1234567 and 
the M5-brane is in the directions 012389, then the projections are as in (5.1) and 
in addition 

roi2389e = e ■ (6.3) 

These lead again to a configuration preserving 1/16 of M-thcory supcrsymmetry, 
ie 1/2 of supersymmetry of = l.D = 4 supergravity. From the perspective of 
N = 1, D = A supergravity these domain walls may arise from a superpotential 
generated by a M2-brane instanton wrapping the associative cycle. The investi- 
gation of the Killing spinor equations of G2 domain walls that preserve 1/2 of 
supersymmetry will be given in an appendix. 

7. Black Holes 

Black Holes as Wrapped M2-branes 

As we have mentioned the electrically charged black holes of A^ = 1, D = 4 
supergravity action that arise from compactifying M-theory on holonomy G2 man- 
ifolds can be viewed as wrapped M2-branes on the two-cycles of the compact space 
A^. It is known that there are minimal sphere representatives of every homotopy 
class T^2{N) (see for example chapter VI [33]). The mass and the charges of such 
black holes are given by M = T2Vol{C) and Qa — T20Ja[C\, respectively, where T2 
is the M2-brane tension and C is the two-cycle. 

Since two cycles in holonomy G2 manifolds are not supcrsymmctric, it is not 
expected to find relation between the mass and the charges of the black holes. 
This is despite the fact that the mass and the charge per-unit volume of the as- 
sociated M2-brane are equal. Although it is not apparent that there are non- 
supersymmetric degree two calibrations on holonomy G2 manifolds, suppose that 
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there is one associated with the two-form A. Then A = ^"'coa, for some constants 
and M = T2Ko/(S) = T2j(j4' = T2^°'Qa which can be interpreted as an ex- 
tremaUty relation for the black hole. As we shall see there are extreme solutions 
N — 1,D — A supergravity associated with G2 compactifications which however 
exhibit a naked singularity. 

7.1. Electric G2 Black Holes 

Ansatz and Field Equations 

In order to find black hole solutions oi N = l^D = A supergravity associated 
with G2 compactifications of M-theory, we consider the ansatz 

. . (7.1) 

s' = s'{r) 

p» = p*(r) . 

We recall from section 3 that ^fjdz^dz^— kij{ds^ds^ + dp^dp') with kij —didj^{s), 
where $ = — ^log(©(s)), © is the volume of the compact space and di — ; 
so di^ is homogeneous of degree —1 in s. Furthermore we shall take the scalar 
potential oi N — 1,D — A supergravity to vanish V = 0. It is straightforward 
to observe from the Killing spinor equations that all electrically charged solutions 
cannot be supersymmetric. 

Substituting the ansatz (7.1) into the Maxwell equations we find 

BA-\^RehabdrC'' = Ha , 

where Ha are constants. To obtain the scalar equations we vary and p^. Recalling 
that Imhab — —\CiabP^ and Re/ia6 — ~\CiahS^ , we find that the field equations for 
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and are 



\g\{\Cial>F''MNF'^'^'' - dekij{dMs'd^S^ + dMp'd^P^)) 

« (7.2) 

+2dMiV\9\hjd''s^)=0 



and 



Vl^Qafei^VAT^F"^^ + 2dM{VW\kijd''p') = , (7.3) 

respectively. 

It is convenient to define 

il; = AB N = rB . (7.4) 

Then the Maxwell equations may be rewritten as 

N'^iJj-^RehabdrC'' = Ha . (7.5) 



On substituting the black hole ansatz into the scalar equations, and eliminating 
drC"' using (7.5), one obtains 



—ijjr'^dihj [drS^drS^ + drp^drp') 
-iPN-^dabReh^'^HcReh^'^Hd + 2dr{^r^kijdrS^) = (7.6) 

dr{ijjr^k£jdrP^) — . 



Lastly we consider the Einstein equations. We adopt the notation B — 
A — B — A — The non- vanishing components of the Einstein tensor 
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(7.7) 



are given by 

Goo = -^{ABB - rB'' + 2tBB) 
Grr = {2rABB + 2ABB + rAB^ + 2B'^A) 

Gee = {B^A + BAB + ABrB + rB^A - rAB^) 

G^^ = !^^^{B^A + BAB + ABrB + rB^A - rAB'^) . 

Eliminating from the above equations using (7.5) and utilizing the definitions 
(7.4), we find that the independent Einstein equations can be expressed as 

3 3 



2 (ra-^) — -r ^i/j (7.8) 



J^^i^) = -kij{drS%S^ + drP'driP) (7.9) 

r5 Ar3^-i -l^(Ar-V i V) ^ ^ _ _ ^2^j _ Y^.eU'^HaHi, = . (7.10) 
A useful identity implied by the scalar equations (or the Einstein equations) is 
~^l?r'^N-'^dr (Reh^'^HaHi,) + dr{^\%j [drs^drs^ + drp'driP] ) = . (7.11) 

Using the Einstein equation (7.8), we determine as 

= (7.12) 



for constants a, (3. Then (7.10) may be simplified to 

2ip - 2-^Ur^N-^N) = ^N-^Reh'^'^HaHi, . (7.13) 
ar 

In addition, from the scalar equation, p^ must satisfy 

drp^ = %l)-\-\^^ej (7.14) 
for some real constants 9j, and here k^^ is the inverse of the Hessian of 
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A solution to the above system of equations is the Schwarzschild black hole. In 
this case the Maxwell gauge potential vanishes and the scalars are constant. This 
black hole cannot be thought of as a M2-brane wrapped on a homology 2-cycle 
of the compact G2 holonomy manifold because it does not carry electric charges. 
Generically, to find electrically charged black holes, one has to take some of the 
scalars to be non constant*. So we take 9^5* 7^ 0. On eliminating from the 
scalar equation for and making use of the fact that kij is the Hessian of one 
obtains 

+iP~'^r-^dek'^9i9j + 2kejdr{ipr^drS^) = . 

To solve the field equations, we shall make use of the homogeneity properties of 
di^. In particular, contracting (7.15) with and setting 9i = 0, one finds the 
identity 

-i/jN-^Reh^'^HaHi, - 29^ (^^^9^$) = . (7.16) 

Prom this it follows that in order to have charged solutions, we shall require 

drii^r'^dr^) ^ 0. Substituting (7.16) into (7.13) with ^ = 1 - ^ for // 7^ 0, 
one obtains 

7V = «rV'e-2«'(^)^ (7.17) 
r — \x' 

for constants k and b. In the special case when -0 = 1 one obtains 

AT = «;re-2*e^ . (7.18) 



The only remaining independent equations are the Einstein equation (7.9) together 
with (7.15) . We have been unable to find general solutions to the field equations, 
and our general analysis ends here. 



★ In special cases this depends on the properties of the intersection numbers C'iab but we shah 
not pursue this further here. 
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Dilatonic G2 Electric Black Holes 

To find an explicit solution to the equation (7.9) and (7.15), we shall now 
consider the special case where 



= = s{ry (7.19) 
for some constants c*. Then the homogeneity of di^ implies that 

kij = didj^ = (7 20) 
dikij = didjdi^ = Xijis"^ 

where Aj, Ay and Ay£ are constants related by 

c^Xi = -- 

c'Xij = -Xj (7-21) 
c^Xiji = —2Xji . 

It is also convenient to define Hab = —\c^Cia,b so that Re/ia^, = sHab- Then the 
scalar equation (7.15) implies that 

— -^^iab'H'^^T^^'^HcHd = XXi (7.22) 

for some constant A, and 

^V'7V-2s-2 + 2iljr'^s-^{drsf - 2s-^dr (il^r^drs) = . (7.23) 

Note that on contracting (7.22) with S and using the homogeneity properties of 
6, one obtains 

--^=W^HaE^. (7.24) 
Then using the above identities, it follows that for d^s the scalar equations are 



26 



implied by the Einstein equations. It therefore suffices to solve 

dr 'A 
To find solutions to these equations which are asymptotically Minkowski, we shall 

2 

set = 1 — see (7.12). The simplest way to solve (7.25) is to ehminate s(r) 
from the ffist equation by making use of the second equation. This equation for 
N{r) may be simplified further by defining H{r) according to 

^=r-V(i^ + '- + ^^). (7.26) 

Then H must satisfy 

(r^ - /i2)2f)-2 + 4^(^2 _ + 4(r2 - i?)HHH 

+4(r2 - i_i'^)H^ + [r^ + 2rH - V + "^H^] = . 



(7.27) 



H--7Z2^i^^r' + r'f), (7.29) 



We discard the solution H = const because it is inconsistent with (7.25) for A 7^ 0. 
To simplify this equation even further, define X = H and define implicitly 

f{X) = {{r'-l,')HrK (7.28) 

Then 

fjf 

(r^ — n'^y 

where /' = Substituting these expressions into (7.27) , one obtains 

4f + 8fX^ - Idn'^f + iff - 4fXf = . (7.30) 
On setting f{X) = {L{X) - X^)~^, this simphfies to give 

4L - + {L'f = . (7.31) 
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There are two possible solutions to this equation, 



L{X) = V (7.32) 

or 

L{X) = V + rf (7.33) 

for some constant r. However, L{X) = Ajj?' leads to s constant and so the 
Schwarzschild black hole. We therefore take 

L{X) = V -{X + rf . (7.34) 

Hence H must satisfy 

(r^ - i?)H = Ai? - 2H^ - 2tH - . (7.35) 

For // 7^ there are three cases to consider, according as to whether = 8//^, 
> 8//^ or < Sfji^. We shall focus on the cases r = = and < 8//^. 

For = T = 0, we find that 

ds^ ^ _(1 + ^)-^df + (1 + — )rfx2 

r r 

for constant k > 0. This solution is asymptotically Minkowski, and the charges, 
mass and asymptotic values of the scalar are 

M^K^ (7.37) 
A 



respectively. 
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The spacctime geometry of the solution (7.36) is that of two M-brane con- 
figuration reduces to four dimensions on a 7-torus, for example two orthogonally 
intersecting M2-branes on a 0-brane [12]. The above solution exhibits a naked 
singularity at r = 0. 

For < we find that 

g = -l(. + V8^)+ "^^^^^^^ (7.38) 

which in turn implies that the solution is 

ds^ = -r'^^j'^N-'^dt^ + r-'^N^ [dr'^ + r'^ds'^{S^)] 

= i/jN-^s-^W^H^dr A dt (7.39) 

= s(r)c* 

where 



r — /i^ y — /i^ 



16pac^(t2 — 8/^2) '- V — //"^ — /I 

(7.40) 

for constant k > 0, and we have set p = 1 + in (7.38) . 

This solution is again asymptotically Minkowski as r — > oo, and the electric 
charges Q"', the mass M and asymptotic value Sqo of the moduh scalar are 

M^l{r+{1 + 2«2)V8/x2-r2) ^^^^^ 
A 



5oo — 



16k2(1 + «;2)(^2_8^2) ' 



respectively. To examine this spacetime geometry it is particularly useful to con- 
sider the metric in the neighbourhood oi r — /j,. We define W — r — ji. Then as 
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W 0+, 



(7.42) 



where p is determined by 

p = ^10T^(2/.)i+^(-+V^^) . (7.43) 
A* 

The leading order behaviour of the metric in the neighbourhood of 1^ = is given 
by 

(7.44) 

Prom this metric it is straightforward to show that if there exist geodesies along 
which in-falling particles may pass through r = in a finite proper time then it 
is necessary to impose the constraint ^(t + a/S//^ — r) > 0. This condition is 
sufficient to ensure the positivity of the mass given in (7.41) . Furthermore, the 
Ricci scalar associated with (7.44) is given by 

R = 2p-2 [i_i'^{6^ - 1) - W^25-4 ^ (7 45^ 

where <^ = ^(''' + -s/S/j^^-t). In order for this to remain bounded as ^ 0, one 
must impose the condition S — 1, i.e. r = 2/1. Hence, in order for there to be a 
horizon at r — /i one requires r = 2/1. For this special case, it is most convenient 
to change co-ordinates by setting 

v^-^r + fif, (7.46) 
r 

so that the metric can be written as 

ds'^ = -L{v)F{v)dt^ + L{v)-^ [F{v)-^dv'^ + v'^ds'^{S'^)\ (7.47) 
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where 



F{v) = 1 



4/i 



(7.48) 



V 



and 



L{v) = (1 + 



(7.49) 



This four-dimensional spacetime geometry has been considered before in [13] where 
it was obtained via compactification of two intersecting non-extreme M2-branes on 
a 7-torus, where the two M2-branes have the same electric charge. The solution 
(7.47) has finite horizon area. 

7.2. Magnetic G2 Black Holes 

To find magnetic black hole solutions which are associated with M5-branes 
wrapped on 5-cycles of the compact space, we take the ansatz for the metric and 
moduli scalars as in the electric case (7.1) but for the Maxwell field we write 



where jj."" are constants and 0, 6 are the standard angular coordinates on a two 
sphere. We shall see that the electric and the magnetic solutions are related as 
expected because of electro-magnetic duality in four-dimensions. So we shall not 
elaborate in the description of this case. 

First it is straightforward to see that the gauge field equations are satisfied 
provided that = const. Taking this to be the case, the scalar equations of are 
automatically satisfied. Given this, the scalar equations arc given by 



where N, ijj are defined as in the electric case. The Einstein field equations with 



IJ,"" sin ede A d0 



(7.50) 




(7.51) 
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vanishing scalar potential imply 



d\ 1 3 _i 

The first two of these equations are identical to the electric black hole case. In 
particular, the first equation implies ip — P + ior real constants a, p. 

Next write s' = s(r)c* for some constants c*. Using (7.20) and (7.21) and the 
definition of Hab as in the electric case, the scalar equation implies that 

-ICiabl^y' = AA^ (7.53) 

for some constant A. So it follows that Habpi'°'pi'^ — ~(1/4)A. Then just as for the 
electric case, by making use of the identity 

-^il;\'^N-'^dr{RehablJ>''lj!') + dr{ip\%jdrs'drs^) = (7.54) 

obtained from the Einstein equations, one may see that the scalar equations are 
implied by the Einstein equations. Hence, it suffices to solve the remaining Einstein 
equations 

Clearly, these equations are equivalent to (7.25) under the transformation s s~^. 
Hence it follows that the spacetime geometry of these magnetic black holes is 
identical to the electric black hole case, and ^magnetic = ■^"^cloctric- For example 
the M-theory interpretation of the analogue of the solution (7.36) is that of two 
M5-branes orthogonally intersecting on a 3-brane [12]. 
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APPENDIX A: Spinor Notation 



It is most convenient to present the supersymmetry transformations in terms 



of a 4-component Majorana spinor e with real components. We take — a 
to be the Pauh matrices; 



- 1 / \ 1 



(A.1) 

i J V - 1 



We set r ]MN — diag(— 1, 1, 1, 1), e^^ — 621 = 1, and to perform the supersym- 
metry calculations we define explicitly 























j 



-1 
1 

-ia^\ / - 0-3 ' 

ia^ I I -a^ 



(A2) 



so that 



r5 



1 
-1 



With these definitions, the gamma matrices satisfy the Clifford algebra 

^mJ^N + TiyPM = 2?7Mjv ■ (A.3) 
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APPENDIX B: String Solitons and Supersymmetry 



In order to examine string and domain wall solutions, we shall consider the 
following ansatz; 

z'^z\w,w) (B.l) 
A« = 

where ds^^) ^ metric on the manifold spanned hy w,iv where w — x + iy and 
w — X — iy ior X, y e R. Without loss of generality, we shall take 

dsf^) = B^{x,y){dx'^ + dy'^) (B.2) 

to be diagonal, using the fact that any metric on a Riemann surface is locally 
conformally flat. 

Substituting this ansatz into the Killing spinor equations, we find that 

d^AT^e + dyATyS + ABe^ (Re/ + lmfT^)e = (B.3) 

together with 



and 



2a^e - a^log^e + a^log^r^r^e - r^lm{Kid^z')e = 
2dye - dylogAe - dJog^TJ'ye - THm{Kidyz')e = 



(Re^a;^* - Thmd:cz')r^e + {Redyz' - Thmdyz')rye 



:b.4) 



(B.5) 



There are two cases to consider. Firstly, if the the scalar potential vanishes, 
then the first Killing spinor equation above with f — implies that A is constant. 
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and we set y4 = 1. The remaining Killing spinor equations can be solved by taking 



(B.6) 

B = e"^ 

i.e. the are holomorphic. The solution preserves ^ of the supersymmetry; e is a 
constant spinor satisfying 

r^r^r^e = -e (b.7) 

More generally, one may construct solutions for which / 7^ 0. In particular, we 
may begin by examining (B.5) . If we work in a real basis, so that 




(B.8) 



with ei, 62 real; then (B.5) implies 



((ji - 1) [2idyjz'fj + Be^f'Wjfrj] = 
[a^ + 1) [ - 2idii,z'fj + Be^-f''Wjfr)] = 



:b.9) 



where 77 = ei + ie2. Suppose now 3 i such that Y'' ^jf = 0- Then for these 
i, these equations may be solved by taking constant. Alternatively, one may 
have z^ = z^{w) non-constant holomorphic with r^r^F^e = — e; or = z^{w) non- 
constant anti-holomorphic with F^r^r^e — e (however if there exists more that one 
value of i such that j'^^Djf — then one cannot have a supersymmetric solution 
with a mixture of corresponding non-constant holomorphic and anti-holomorphic 
complex scalars). 

Suppose now we consider i for which j^^Dj/ ^ 0. Define 



1-1 



i)' = 2idnjz'\Be-fW-f\' 
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Then one requires for these i; 

^ ' (B.ll) 

(l + (7i)(T*^ + r/) =0 

There are several possibihties. Firstly, note that one cannot have a supcrsymmetric 
solution with both = r* = 0. If = then it turns out that r^r^Fye = — e. 
If T* = 0, however, then r^r^r^e = e. Alternatively, one may have -0*, both 
nonzero. It turns out that if both \'\\)^\ ^ 1 and |t*| ^ 1 then the solution cannot 
be supersymmetric. If however, l'^*] ^ 1 but |t*| = 1 then one has r^r^r^e = -e. 
Another possibihty is to take |t*| ^ 1 and = 1; then r^r^^r^e = e. 

We shall however concentrate on the remaining possibility, in which we take 
|r*| = !'(/'* I = 1 (but we do not not necessarily require = ■?/'*). Writing then 
-0* = e*^ , = e*'^ for real 0*, the supersymmetry constraint (B.5) for |r*| = 1 
and 1-0*1 = 1 is satisfied by taking 



A* 

ei = sin 0* I ^ . 1 + sin 9^ 
62 = -(1 + cos 0*) ( ^. I - (1 + cos 9') 




(B.12) 



Analogous reasoning may be used to consider (B.3) . In particular, (B.3) may 
be written as 

((7^ - 1) [2idy,Af} - ABe^fri] = 
((7^ + 1) [ - 2idi!jAfi - ABe^J-q] = . 

Defining 

Vl = -2id^A{ABe^ f)^^ 



(B.13) 



A ^ 2idu,A{ABe^ f) ^ 
we note that (B.3) is equivalent to 

{a^ - l){nr] + 7]) = 
{a^ + l){Afj + rj)^0 



(B.14) 



(B.15) 
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Hence the reasoning used to determine the various possible values of t/)*, r* also 
applies to fl and A. 

To summarize then, neglecting the cases for which r^TxTye — ±e, (B.3) and 
(B.5) imply that T^TJ^ye 7^ ±e. Furthermore, if ^^Djf — then 2;* is constant, 
and if f Wjf 7^ then ^ Q and = A with \n\ = |A| = 1. e is given by (B.12) 

It is also necessary to examine (B.4) . This constraint may be rewritten as 

Ad^e - 2idyj\ogjr^rye + ir^i-dyjK + 2Kid^z')e = . (B.16) 
where e = A~^e. In this case t''' = K and ij)'^ = VL imply (for / 7^ 0) 



(B.17) 



and we solve the supersymmetry constraints by taking A = e*^, Q = e*^, for 6, 
e R with 



/ A \ f-fi 
ei = sin „ I + sin 6* 

62 = -(1 +COS(/)) K j - (1 +COS^) f ^ 



(B.18) 



where A, /i G M. Then (B.4) implies that 



4au*(Asin0) + i(l + cos ^){dij,{K + 21og— ) - 2Kidijoz')X = 
-4:dyj{{l + cos0)A) +i sin (j){du,{K + 21og— ) - 2Kidyjz')X = 
AdyjOl sine) + i{l + cose)(9«)(X - 21og— ) - 2Kidn,z')jl = 
-4:dyj{{l + cos^)/i) +isin^(a«,(ii' - 21og— ) - 2Kidyjz')fi = . 
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(B.19) 



This is solved by taking 



A: 



a/1 + COS0 

c 



(B.20) 



VI + cos6' 

for constant ^, C £ 1^ and B, (j) and 9 are determined by 

d^o{2(f) + i{K + 21og^)) = 2iXi9^z* 
dyj{-29 - i{K + 21og^)) = -2iKidy,z' 



(B.21) 



We note that these solutions generically preserve | of the supersymmetry. 

It is straightforward to check that these conditions ensure that the scalar and 
Einstein field equations hold. 

APPENDIX C: G2 Domain Walls 

C.l. Ansatz and Killing Spinor Equations 

To find domain wall solutions oi N — 1,D — A supergravity, we shall use the 
ansatz 

ds'^ ^ B'^{y)[dy^ + ds'^{M^^'^)] 
z' = z\y) (C.l) 
A« = , 

where B and will be determined by the field equations. Properties of domain 
walls in supergravity have been reviewed in [34]. We shall also assume that they 
are associated with some supcrpotcntial / which we shall not specify. Substituting 
this ansatz to the Killing spinor equations of section three, one finds 

dyBVye + B^e^ (Re/ + Im/r^)e = 
2dye - vHm.{Kidyz')e + Be^VyJ^Qj + \^jV^)e = (C.2) 
{^^dyz^ - Im^j^^T^je - Be^ {Re{^''Wjf ) - lm{^'Wjf )r'^)e = . 

We are seeking solutions that preserve two real supercharges. This leads to 
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consider a set of Killing spinor equations which arise as a special case of the analysis 
presented in the previous appendix. In particular for the domain wall solution we 
take (for those directions such that Y'' ^jf 7^ 0) "'A' = r' = = A with |A| = 1. 
The angles 6, (J) defined in the appendix therefore satisfy 9 — <p. Then the Killing 
spinors are given by 

~ VI + COS (f) \p 
62 = — -B2yTTcos0 

for real constants a, (3. Clearly the solution preserves ^ of the supersymmetry of 
N — 1, D — 4: theory. The conditions which are implied from the Killing spinor 
equations on the fields are A — e'^'^, i.e. 

dyB = -e'^^B^e^f , (C.4) 

together with 

dyz^ = -B-^dyBf-^/W-f (C.5) 

and 

dy [20 + iK] = 2iKidyz' . (C.6) 




C.2. DiLATONic G2 Domain Walls 

So far we have considered the general case of domain walls oi N — 1,D — A 
supergravity associated with a superpotential / which preserve 1/2 of supersym- 
metry. Now we shall consider the special case of domain walls in the context of 
G2 compactifications. In the beginning of the analysis, we shall keep the super- 
potential / arbitrary but to give some explicit solutions of domain walls, we shall 
later consider some special cases. We recall that the Kahler potential is given 
hy K — — |log6, where 6 is the volume of the compact G'2-manifold, and © is 
homogeneous of degree I in s coordinates of the moduli space M.. 
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To proceed motivated by (6.2), we shall consider solutions for which 

= s{yy (C.7) 

for some constants c*, and = 0, ie the only modulus field is the volume of the 
compact manifold. Then (C.6) implies that (j) — (pQ, where 0o £ 1^ is constant. 
Defining / = e*^°F, we may write (C.4) and (C.5) as 

dyB = -B^e^F (C.8) 

and 

dyz' = Be^f'W-jF , (C.9) 
respectively. Furthermore because diK is homogeneous of degree —1, we write 

Ki = Xis-^ (C.IO) 
for some constants Aj. But we also know from section three that 

..^!e-g. (c.n, 

It then follows that c*Ai = 1. Now (C.9) may be written as as 



1 dF^ 

-dyK,^Be^iFKi + -^) . (C.12) 



Motivated by this we shall consider F of the form F = F(— 2^*Aj), so that 

dF 

i9;^)p=o,.=s. = -2A.i^' (C.13) 
where ' denotes differentiation with respect to s. So (C.9) simplifies to 

-^s'hyis-^) = Be^is-'^F)' . (C.14) 
In addition, because is homogeneous of degree | in we have 

e = Asi (C.15) 

K 3 1 

for constant A. Hence e"2 = A~i4s~2. Eliminating y from (C.8) and (C.14), we 
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can determine the component B of the metric in terms of the superpotential as 



B^e~^^^'^^ (C.16) 

where W = s~^F. To find the full solution, it remains to substitute (C.16) in 
(C.14) and solve for s. However the resulting equation is rather involved for a 
general superpotential. To find explicit solutions additional information is needed 
to describe the superpotential. 

APPENDIX D: G2 and Dilatonic Black Holes 

It is convenient to make an explicit connection between the N — 1, D — 
4 supergravity theory with couplings fixed by G2 compactification of D = 11 
supergravity and the standard form of Einstein-Maxwell-Dilaton supergravity such 
as that used in [35]. This supergravity theory has Lagrangian (in 3+1 dimensions) 

L = v^[^-2|V^|2-e-2«¥'F2] (D.l) 

where (p is the dilaton, a is the constant dilaton couphng, F is the Maxwell field 
strength, and the Chern-Simons term has been neglected as we are considering only 
purely electrically (or magnetically) charged solutions. We recall that the portion 
of the N — 1, D — A supergravity action containing the curvature and scalar terms 
is 

L = y/^[R - 2kijdMs'd^s^] . (D.2) 

Suppose we consider the special case where the only modulus field is the volume of 
the compactified G2 manifold, so that = sd for constants c*. Then the truncated 
theory has 

L = ^[R - ^s-^dMsd^s] . (D.3) 

Then setting s = e-^v' in (D.3) one obtains the curvature and scalar portions of 
(D.l) and matching the gauge field couplings of the N — 1, D — A supergravity ac- 
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tion with (D.l) we observe that the N = 1, D = A supergravity action is equivalent 
to (D.l) on taking a = 1. 
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